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We analyze the dynamical nearest-neighbor and next-nearest-neighbor spin correlations in the
4-site and 8-site dynamical cluster approximation to the two-dimensional Hubbard model. Focusing
on the robustness of these correlations at long imaginary times, we reveal enhanced ferromagnetic
correlations on the lattice diagonal, consistent with the emergence of composite spin-1 moments at a
temperature scale that essentially coincides with the pseudo-gap temperature T ∗. We discuss these
results in the context of the spin-freezing theory of unconventional superconductivity.
PACS numbers: 71.10.Fd
The two-dimensional (2D) Hubbard model has been
studied extensively in connection with high-temperature
superconductivity in the cuprates [1–4]. It is believed to
be the simplest model that captures the relevant physics
in these compounds and indeed, many features of the
cuprate phase diagram can be reproduced using, for ex-
ample, cluster extensions of dynamical mean field theory
(DMFT) [5–8]. These studies, most of them based on a
4-site plaquette embedded in a self-consistent dynamical
mean field, not only reproduced a d-wave superconduct-
ing dome next to or partially overlapping with an anti-
ferromagnetic phase [5, 6, 9], but also the characteristic
signatures of the pseudo-gap state [10–12]. They further
revealed that the pseudo-gap state competes with super-
conductivity [13].
Despite this progress, the actual mechanism un-
derlying the appearance of the pseudo-gap and high-
temperature superconductivity remains to be under-
stood. A common view is that antiferromagnetic spin
fluctuations provide the “glue” for superconductivity
[14]. The recently proposed spin-freezing theory of un-
conventional superconductity [15, 16] on the other hand
suggests that fluctuations in the magnitude of a compos-
ite spin (henceforth referred to as local spin fluctuations)
play a crucial role. This motivates the present study of
dynamical spin correlations in the 2D Hubbard model.
The link to spin-freezing induced superconductivity
[15] and Hund metal behavior [17] is provided by the
4-site cluster DMFT construction. This cluster DMFT
solution can be mapped exactly to an auxiliary 2-site,
two-orbital cluster problem with a Slater-Kanamori in-
teraction on each site [16]. The mapping involves a trans-
formation to bonding and antibonding orbitals along the
diagonals of the 4-site cluster, as illustrated in Fig. 1. If
the annihilation operators on the 4-site cluster are de-
noted by d1, . . . , d4 the transformed orbitals are f1 =
1√
2
(d1 − d3), c1 =
1√
2
(d1 + d3), f2 =
1√
2
(d2 − d4),
c2 =
1√
2
(d2+d4). The freezing of spins (due to the ferro-
magnetic Hund coupling, see blue rectangles in Fig. 1) in
the effective two-orbital description translates into robust
transf.
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FIG. 1: Illustration of the basis transformation from the 4-
site single-orbital plaquette (left) to a 2-site two-orbital clus-
ter (right). Solid black lines represent a hopping t, double
lines a hopping 2t and dashed lines a Slater-Kanamori inter-
action with U˜ = U˜ ′ = J˜ = U/2 (where U is the Hubbard
interaction on the plaquette). Blue rectangles represent the
tendency to spin-1 formation on a given site of the 2-orbital
cluster, and the red ellipse the competing tendency to form a
spin- 1
2
singlet between c electrons with opposite spins.
composite spin-1 moments on the diagonals of the orig-
inal cluster. An interesting open question concerns the
antiferromagnetic correlations between these spin-1 mo-
ments, and the competition with spin- 12 nearest-neighbor
singlet formation (red ellipse), i.e., the antiferromangetic
correlations that have been considered in most of the pre-
vious literature [18]. It is also relevant to ask how robust
this picture is as one moves to larger clusters.
The spin freezing theory focuses on cluster spin corre-
lations measured in the bonding and antibonding basis,
such as Sff (τ) = 〈S
z
f (τ)S
z
f (0)〉. In terms of the original
operators, and for f ≡ f1, we can write S
z
f =
1
2 [S
z
1 +
Sz3 −
1
2 (Y↑ − Y↓)] with Yσ = d
†
1σd3σ + d
†
3σd1σ. The Sff
correlator can thus be expressed as Sff(τ) =
1
2 [S11(τ) +
S13(τ)]−
1
8 [〈(S
z
1 (0)+S
z
3(0))(Y↑(τ)−Y↓(τ))〉]−
1
8 [〈(Y↑(0)−
Y↓(0))(Sz1 (τ) + S
z
3 (τ))〉], and requires a measurement of
correlations functions of the type 〈n1σ(τ)d
†
1σ′d3σ′ (0)〉.
This is numerically challenging and requires a worm-type
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FIG. 2: Imaginary-time dependent nearest-neighbor (−S12,
dashed) and diagonal next-nearest-neighbor (S13, solid) spin
correlations at β = 10 and indicated fillings, in 4-site DCA
(left) and 8-site DCA (right). While antiferromagnetic S12
correlations dominate at short time, they are weaker than the
ferromagnetic S13 correlations at τ = β/2.
sampling [16, 19]. Some results for the easily measurable
contribution 12 [S11(τ)+S13(τ)] are presented in the Sup-
plementary Material.
In the present study, we take a step back and instead
of discussing the dynamics of Sff (τ) compute and ana-
lyze the nearest-neighbor S12 and diagonal next-nearest
neighbor S13 spin correlations in the original basis. We
employ the dynamical cluster approximation (DCA) [20],
which enforces translational invariance on the cluster,
and report the spin correlations measured on the impu-
rity cluster. The calculations are performed for a square
lattice Hubbard model with nearest-neighbor hopping t,
which we use as the unit of energy. The on-site repulsion
is fixed to U = 8.
Figure 2 plots −S12 and S13 for inverse temperature
β = 10 and different fillings (half filling corresponds to
nσ = 0.5). The left (right) panel reports results for the
4-site (8-site) cluster. At short imaginary times τ the
antiferromagnetic nearest-neighbor correlations (dashed
lines) dominate the diagonal next-nearest-neighbor cor-
relations (solid lines). The time dependence is however
nontrivial, and for a broad range of fillings, we find that
at long times the ferromangetic S13 correlations domi-
nate. This is related to the interesting fact that S13 can
increase with increasing τ , in contrast to −S12, which al-
ways decreases. We interpret the robustness of S13 as a
signature of the formation of a composite spin-1 moment
on diagonally opposite sites. While this phenomenon has
been anticipated in the previous spin-freezing analysis
based on 4-site cluster DMFT [16], it is manifest also in
the DCA solution and persists in the 8-site calculation.
Because the long-time behavior reveals interesting
properties of the spin correlations, we will from now on
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FIG. 3: Difference in spin correlations β[S13(β/2) −
(−S12(β/2))] in 4-site DCA (top) and 8-site DCA (bottom).
The Tc data for the d-wave superconducting phase in the 4-
site case (solid black line) are taken from Ref. 6. The Tc dome
of the 8-site cluster is an educated guess based on the results
in Ref. 25. Dashed lines with diagonal crosses indicate the
filling below which the nearest-neighbor spin correlations at
τ = β/2 become ferromagnetic.
focus on the values of S12 and S13 at τ = β/2. In Fig. 3
we plot β[S13(β/2)−(−S12(β/2))], where the multiplica-
tion with β is meant to compensate for the overall decay
of the correlations with time, but is not crucial for the
following analysis. A positive value indicates dominant
ferromagnetic correlations on the diagonals, while a neg-
ative value implies dominant antiferromagnetic nearest-
neighbor correlations. Let us first focus on the 4-site
DCA results, shown in the top panel. Here, we also in-
dicate by a black solid line the Tc dome previously com-
puted for the same model in Ref. 6. It is apparent from
this plot that ferromagnetic next-nearest neighbor corre-
lations dominate over a wide doping range, and in fact
almost exactly the doping range in which d-wave super-
conductivity is found at low temperatures.
The strongest enhancement of ferromagnetic correla-
tions occurs in a temperature and doping region that
one typically associates with the onset of the pseudo-gap
(“T ∗ line”). This suggests that the formation and freez-
ing of composite spins on the lattice diagonals is at the
root of the pseudo-gap phenomenon. Note that in our
simulations, long-range order is suppressed. It is natural
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FIG. 4: Imaginary-time dependent next-nearest-neighbor
(S13, solid) and nearest-neighbor (−S12, dashed) spin corre-
lations at half-filling and indicated β, in 4-site DCA (left) and
8-site DCA (right).
to assume that the spin-1 moments formed on the diago-
nals will order antiferromagnetically close to half-filling.
In fact, the region with dominant ferromagnetic correla-
tions is also quite similar to the antiferromagnetic region
reported in Ref. 6. Whether or not the composite spin-1
moments will still be present in the long-range ordered
antiferromagnetic phase is an interesting open question.
To investigate the apparent connection between spin-
freezing and the pseudo-gap phase more closely, we have
analyzed the spectral functions of the (0, pi) momentum
patch, using the maximum entropy (MaxEnt) method
[21–24]. In Fig. 3, a small black dot indicates a small
pseudo-gap feature, and the larger black circles a robust
pseudo-gap in the anti-nodal region. While our procedure
is not immune to Monte Carlo noise and uncertainties
in the analytical continuation, it produces an interesting
picture in rough agreement with the T ∗ line reported in
the previous literature [6]. In particular, we find that the
pseudogap region determined by MaxEnt indeed essen-
tially coincides with the region of enhanced ferromagnetic
correlations.
The apparent weakening of the ferromagnetic tendency
at low temperature and close to half-filling is due to the
exponential decay of both S13 and S12 in this region of
the phase diagram (the data for S13 are shown in the
Supplementary Material). This results in much smaller
values of β[S13(β/2) − (−S12(β/2))]. To illustrate the
crossover to an exponential decay, we plot in Fig. 4 the
temperature dependence of S13 and (−S12) at half filling.
The exponential decay most likely originates from strong
nearest-neighbor spin- 12 singlet formation, see red ellipse
in Fig. 1, which eventually leads to a break-up of the
composite spin-1 moments [18]. It is clear though from
Fig. 3 that this breakup happens at a lower temperature
scale than the opening of the pseudogap. Hence we con-
clude that the opening of the pseudogap around T ∗ is
intimately connected to enhanced ferromagnetic correla-
tions and the formation of composite spin-1 moments on
the lattice diagonals. The antiferromagnetic correlations
between these composite moments result in a pseudo-
gap which is most pronounced near momentum (0, pi)
and (pi, 0). As temperature is lowered by a about a fac-
tor of two below T ∗, singlet formation between nearest-
neighbor spin- 12 becomes dominant near half filling and
leads to the weakening of ferromagnetic correlations on
the diagonal and an exponential decay of both S12 and
S13. The region dominated by spin-
1
2 singlets can be
associated with the downturn in Tc close to half-filling,
which indicates that these correlations are detrimental
to superconductivity. The largest Tc values are instead
found in the region where the ferromagnetic S13 correla-
tions are strongly enhanced, while the competing spin- 12
singlet formation is suppressed due to doping.
The lower panel of Fig. 3 shows the results obtained
from 8-site DCA. The computational resources available
to us do not allow to compute the Tc dome, but due
to the smaller mean-field effect, we expect it to peak
at lower temperature. Based on the results for slightly
smaller U reported in Refs. 13 and 25 we show an edu-
cated guess for the Tc dome by the dashed line. As in
the 4-site DCA case, the ferromagnetic spin correlations
dominate at τ = β/2 in a wide doping region that cov-
ers the expected Tc dome. The largest enhancement is
found at lower temperatures in 8-site DCA, but compara-
ble values to the 4-site case are reached for β & 10. The
suppression due to the exponential decay of the spin cor-
relations near half-filling is barely evident at β . 20, due
to the overall weaker antiferromagnetic spin correlations,
see also the right panel of Fig. 4. Again, we indicate
by black dots and circles the filling and temperature val-
ues where we observe the opening of a pseudo-gap in the
antinodal region. As in the 4-site case, the appearance of
the pseudo-gap essentially coincides with the appearance
of strongly enhanced S13 correlations at long time.
Apart from the pseudo-gap region, the cuprate phase
diagrams feature a non-Fermi-liquid metal phase in a
broad doping region at high temperatures. This behav-
ior is expected within the spin-freezing theory and can
be explained already at the level of a single-site DMFT
description in the bonding/antibonding basis. This de-
scription is interesting because it disentangles the anti-
ferromagnetic physics from the freezing of the compos-
ite spin-1 moments. As shown in Ref. 16 this single-
site two-orbital DMFT analysis predicts a non-Fermi-
liquid crossover line which roughly extends from the
half-filled T = 0 Mott point through the peak of the
superconducting dome to high temperatures and dop-
ings. Such a crossover is also evident in Fig. 5, which
plots βG(0,pi)(β/2), a quantity which is roughly propor-
tional to the density of states at the Fermi level [26], for
the Green’s function corresponding to momentum patch
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FIG. 5: Density of states at the Fermi level in the antinodal
region, estimated from βG(0,pi)(β/2). The dashed line shows
the maximum in the broad crossover from overdoped Fermi
liquid to under-doped Hund metal.
(0, pi) (analogous plots for the local Green’s function can
be found in the Supplementary Material). We see that as
the filling is increased from the hole overdoped region, the
density of states near the Fermi level increases, reaching a
maximum on the overdoped side of the superconducting
dome at low temperature, and at even lower fillings at
higher temperature (dashed line with diagonal crosses).
Closer to half filling, the formation of local spin-1 mo-
ments and an associated Hund-metal state [17, 27] leads
to a suppression of the density of states with increasing
filling. In the analysis of the (0, pi) patch, the opening of
the actual pseudo-gap is roughly visible near half-filling.
A proper identification of T ∗ however requires a direct
analysis of the spectral function, as done in Fig. 3, since
βG(0,pi)(β/2) is not sufficiently sensitive to narrow gaps.
Finally, we mention that in the overdoped regime, the
nearest-neighbor correlations (near τ = β/2) change from
antiferromagnetic to ferromagnetic. In Fig. 3 we indicate
the switching point of the S12 correlations by the dashed
line with diagonal crosses. It is interesting to note that
several recent experiments on overdoped cuprates report
ferromagnetic fluctuations [28, 29], which set in roughly
at the doping where superconductivity disappears. The
emergence of such correlations can also be qualitatively
understood via the mapping to the effective two-orbital
system (Fig. 1). In fact, the generic phase diagram of
the two-orbital model with ferromagnetic Hund coupling
(Fig. 3 in Ref. [30]) reveals that as one hole-dopes the
half-filled Mott insulator, the system evolves from a re-
gion with strong antiferromagnetic correlations through a
spin-freezing crossover (bad metal) region into a regime
which near 3/4 filling and down to half-filling is influ-
enced by the proximity to a ferromagnetic phase.
In summary, we have analyzed the dynamical cluster
spin correlations in the 2D Hubbard model using 4-site
and 8-site DCA calculations. The diagonal next-nearest
neighbor correlations exhibit a non-trivial τ -dependence
at T > 0 and in the doped Mott regime, which results
in robust ferromagnetic correlations at long times. This
is compatible with the emergence of a composite spin-
1 moment on the lattice diagonals, as a result of spin-
freezing. The freezing phenomenon occurs in the doping
range where superconductivity is found at low tempera-
ture, and the onset of spin-freezing approximately coin-
cides with the opening of a pseudo-gap near the antinode.
We discussed the competition between this freezing phe-
nomenon and the formation of nearest-neighbor spin- 12
singlets at low temperature near half-filling. The break-
up of the composite spins in favor of spin- 12 singlets hap-
pens at a temperature which is substantially below T ∗,
and in the underdoped region, where superconductivity is
suppressed. The spin-1 moments which form at elevated
temperature will freeze and order antiferromagnetically
near half-filling, but they remain unfrozen down to low
temperatures in the optimally doped regime. According
to the spin-freezing theory of unconventional supercon-
ductivity, the amplitude fluctuations of these moments
induce the attractive interaction needed for pairing [16].
While we have not studied the pair susceptibility and or-
der parameter in this work, the results of our analysis in
combination with the available Tc data seem to support
this picture.
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6Supplementary Material
These supplementary notes provide additional data for spin correlation functions and Green functions. Figure 6
presents the S13 correlation functions at τ = β/2. The results for −S12 are qualitatively similar. In these plots one
can recognize the appearance of the composite moments at roughly T ∗ and the suppression due to spin- 12 singlet
formation at low temperature near half-filling.
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FIG. 6: Long-time value of the next-nearest-neighbor spin correlation, S13(β/2), in 4-site DCA (left) and 8-site DCA (right).
The top panels of Fig. 7 show the integral of the correlation function S11 + S13,
∫ β
0 dτ(S11(τ) + S13(τ)), which is
the easily measurable contribution to the Sff correlation function. The bottom panels report the contribution to this
integral from frozen moments, β[S11(β/2) + S13(β/2)].
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FIG. 7: Total (top) and frozen (bottom) contribution to the integral of S11 +S13 in 4-site DCA (left) and 8-site DCA (right).
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FIG. 8: Density of states at the Fermi level, estimated from the local Green’s function G as βG(β/2).
Finally, we plot in Fig. 8 the density of states at the Fermi level, βG(β/2), evaluated with the local Green’s function.
Similar to Fig. 5 (results for the (0, pi) patch), these data illustrate the crossover from a Fermi liquid like metal with
low carrier density in the overdoped regime to an incoherent Hund metal with suppressed density of states in the
underdoped regime.
